ОПОВІДІ НАЦІОНАЛЬНОЇ АКАДЕМІЇ НАУК УКРАЇНИ

МАТЕМАТИКА
We recall that a group G that is isomorphic to a group of automorphisms of a vector space A over a field F is called a linear group. We denote the group of all such automorphisms by GL(F, A). If dim F (A), the dimension of A over F, is finite, n, then we say that G is a finite-dimensional linear group. It is well known that GL(F, A) can be identified with the group of n × n matrices with entries in F. From the outset, finite-dimensional linear groups have played an important role in group theory. This is partly due to the correspondence mentioned above, but also because of the rich interplay between geometric and algebraic ideas associated with such groups.
The study of the subgroups of GL(F, A) in the case where A is infinite-dimensional over F has been much more limited and normally requires some additional restrictions. There is quite a large array of papers that show the effectiveness of applying various natural limitations for the study of infinite-dimensional linear groups (see survey articles [1] [2] [3] [4] ). One area that proved to be quite effective was the study of linear groups that have a very big family of subgroups having finite central dimension.
Let G be a subgroup of GL(F, A) and Z = C A (G). It is not hard to see that a subspace Z is G-in variant, and G acts trivially on Z. Therefore, we see that G actually acts on the quotient-space A/Z.
Let G be a subgroup of GL(F, A). Then the central dimension of G is a dimension of the quotient-space A/ζ G (A).
In particular, if dim F (A/ζ G (A)) is finite, then we will say that G has finite central dimension. According to the definition, linear groups having finite central dimension are quite close to finite-dimensional linear groups. Therefore, it was obvious to study the infinite-dimensional linear groups saturated by subgroups of finite central dimension. Among the works on this subject, we mention [5, 6, 1, [7] [8] [9] [10] .
Among the restrictions that play a significant role in the study of both finite and infinite groups, we can highlight the restriction associated with the presence of one or another family of dense subgroups in a group. Let P be a some property. We say that a group G has a dense family of subgroups having property P, if, for every pair of subgroups H, K of G such that H  K and H is not maximal in K, there exists a subgroup L, having property P, such that H  L  K (we note that L can match with one of the subgroups H or K).
Groups with different natural dense families have been considered by many authors (see, for example, [11] [12] [13] [14] [15] ).
In this paper, we will apply this restriction to the study of infinite-dimensional linear groups.
Let F be a field, A be a vector space over F, and G be subgroup of GL(F, A). We say that G has a dense family of subgroups, having finite central dimension, if, for every pair of subgroups
we note that L can match with one of the subgroups H or K).
Note that infinite-dimensional linear groups, whose proper subgroups have finite central dimension, have this property. Locally soluble groups, whose proper subgroups have finite central dimension, were studied in paper [5] . Therefore, in this paper, the study of linear groups with a dense family of subgroups, having finite central dimension, will be conducted under the additional condition of their local solvability. 
(
iv) If G has finite central dimension and char(F) = 0, then G includes a normal Abelian torsion-free subgroup L such that G/L is isomorphic to some subgroup of GL(n, F), where n = dim F (A/C A (G)).
Corollary 1. Let F be a field, A be a vector space over F, having infinite dimension, and G be a subgroup of GL(F, A). If H, K are two subgroups of G such that H  K, and a subgroup H has infinite central dimension, then the subgroup K has infinite central dimension.
Corollary 2. Let F be a field, A be a vector space over F, having infinite dimension, and G be a subgroup of GL(F, A). If G has a dense family of subgroups having finite central dimension, then every subgroup of G having infinite central dimension is maximal. Lemma 2. Let F be a field, A be a vector space over F, having infinite dimension, and G be a subgroup of GL(F, A). Suppose that G includes the subgroups B, K satisfying the following conditions: (i) B is an infinite elementary Abelian p-subgroup, and K is a quasicyclic p-subgroup for some prime p;
( 
Theorem. Let F be a field, A be a vector space over F, having infinite dimension, and G be a locally soluble subgroup of GL(F, A). Suppose that G has infinite central dimension. If G has a dense family of subgroups having finite central dimension, then G is a group of one of following types:
(i) G is a cyclic or quasicyclic p-group for some prime p; 
